Abstract Exact cosmological models for a scalar field in Lyra geometry are studied in the presence of a time-varying effective cosmological term originated from the specific interaction of an auxiliary Λ -term with the displacement vector. In this case, some exact solutions for the model equations are obtained with the help of the so-called superpotential method (or the first-order formalism). Some possible ways of further developing for such a model are offered.
Introduction
As well known, Lyra's geometry [1] can be considered as the candidate for modification of the contemporary cosmological models, the necessity of which is almost generally recognized. The great number of the modified theories of gravity is known, but now those modifications attract attention of researchers again due to the discovery of the late-time cosmological acceleration. The latter definitely followers from the supernovae of type Ia observations [2, 3] , Cosmic Microwave Background Radiation [4, 5] , and Baryon Acoustic Oscillations in galaxy surveys [6, 7] . Variety of versions of the scalar-tensor theories are also involved in solving the problem of cosmic acceleration. Among them, the most studied is the Brance -Dicke theory of gravitation [8, 9] . However, some other theories gained increasing attention due to the same problem of cosmic acceleration. One example of such a theory is known as the theory of gravity in Lyra geometry.
Besides all, a substantial number of investigations of the models with a varying in time cosmological term has been proposed during the last two decades (see, e.g. [10] [11] [12] [13] [14] [15] [16] [17] [18] ). A number of interesting results have been obtained when accounting for the effective cosmological term in Lyra geometry [19] [20] [21] [22] [23] [24] . Recall that the displacement vector field has a purely geometrical origin. Therefore, it seems rather natural that such a field in the dynamical equations of cosmological models should be considered as a constant associated in some way with a cosmological constant , or as a hidden parameter which is included implicitly into the dynamical parameters of model. Namely this approach to the displacement vector is proposed in our work. Generally speaking, such an idea is not something absolutely new. It is involved in many studies of the models with variable G and decaying vacuum energy density. Our aim is to apply this idea to the models in Lyra geometry.
The assumption of decaying cosmological term makes possible to preserve the continuity equation for the ordinary matter in its standard form, and generate a new (effective) cosmological term. Note that appearance of such a term is entirely due to the influence of the displacement field. It determines, along with matter, the dynamics of the cosmological evolution and becomes a constant in its absence, as it should be in the case of General Relativity.
In this paper, the scalar-field model with an effective cosmological term in Lyra geometry is studied and discussed. Besides the general consideration, we employ the so-called superpotential method in order to obtain some exact solutions of our model. We suggest some possible ways of further developing for such a model.
A Brief Summary of Lyra Geometry
A scalar-tensor theory of gravitation proposed by Sen and Dunn [25] based on a Lyra manifold rather than a Riemannian manifold. It is shown that this new theory predicts the same effects, within observational limits, as in Einsteins theory. The Lyra geometry [1] can be considered as a modification of the Riemann geometry in the direction similar to the Weil geometry. Here we present a brief summary of Lyra geometry which is necessary for further study of our model.
In Lyra geometry, the displacement vector between two neighboring points x i and x i + dx i is determined by the components Ψ dx i , where Ψ = Ψ(x k ) is a gauge function. Then, the coordinate system x i and the gauge function Ψ constitute a reference frame (Ψ, x i ). The transition to the new reference frame (
where
The Levi-Civita connection coefficients in Lyra geometry are defined as follows:
where Γ i jk is defined in terms of the metric tensor g ik just like as in Riemannian geometry, and φ k is the displacement vector field. Lyra [1] and Sen [25] have showed that any general frame of reference vector field φ k arises as a natural consequence of the introduction of the gauge function Ψ in the structureless manifold. Note that * Γ i jk is symmetric in the two lower indices.
The metric on the Lyra manifold is determined by the interval
which is invariant with respect to the coordinate and gauge transformations. As a result, the parallel transport of a vector ξ i is given by
Thus, we see thatΓ i jk is not symmetric with respect to j and k. A remarkable difference from the Weyl geometry is that in Lyra geometry length of the vector does not change under parallel transport.
As always, the curvature tensor is defined in terms of the parallel transport of a vector along a closed curve, and is equal to * R
whereΓ i jk is determined from (5) . The convolution of the curvature tensor (6) yields the scalar curvature
where R is the Riemannian scalar of curvature, and the semicolon denotes the covariant derivative with the Christoffel symbols of the second kind. The action integral is invariant under the gauge and coordinate transformations , and is given in the form
where d 4 x is a volume element, and L is a scalar function.
Using the normal gauge Ψ = 1 [26] , and putting L = * R in equation (8), it is easy to find that equation (7) can be reduced to the following form * R = R + 3φ
The field equation is obtained from the variational principle
where I is defined by (8) , and the action J is defined by the Lagrangian density of matter L m as usual:
Gravitational Field Equations in Lyra Geometry
The Einstein's field equations in Lyra geometry in normal gauge and with a time-varying Λ -term can be written as
where φ i is a displacement vector. For simplicity, we assume that the gravity coupling constant 8πG = 1. All other symbols have their usual meanings in the Riemannian geometry. The energy-momentum tensor (EMT) of matter T ik can be derived in a usual manner from the Lagrangian of matter (11) . Considering the matter as a perfect fluid, we have
where u i = (1, 0, 0, 0) is 4-velocity of the co-moving observer, satisfying u i u i = 1. Let φ i be a time-like vector field of displacement,
where the numerical factor 2/ √ 3 is substituted for the sake of convenience in what follows. The line element of a spatially flat Friedmann-Robertson-Walker (FRW) space-time is represented by
where a(t) is a scale factor of the Universe. Given this metric and equations (13), (14), we can reduce (12) to the following set of equations:
where H =ȧ/a is the Hubble parameter, and the overdot stands for differentiation with respect to cosmic time t.
The continuity equation follows from (15) and (16) as:
For more convenience, one can rearrange the basic equations of the model, (16) and (17), as follows:
One could readily verify that the continuity equation (17) occurs from the set of equations (18), (19) in the form of equation . The reason of this is that the conservation equation for EMT T k i ;k = 0, where semicolon stands for the covariant derivative, is a consequence of the identity G k i ;k = 0 for the Einstein tensor. We are going to preserve the continuity equation for matter in its standard form. Therefore, the field equation (12) yields the following equation for Λ -term and displacement field:
For the homogeneous fields of Λ(t) and β(t), this equation becomes as followṡ
Taking into account this equation in (19), we can obtain the following continuity equation for matter:
Let us emphasize that the displacement vector field has strongly geometric nature. We assume that it can give rise to an effective cosmological term Λ ef f . Therefore, we believe that Λ(t) is not an independent dynamical parameter of the model, and it should be excluded from the system of equations (18), (19) . At this, such a manipulation leads to an effective cosmological term via the kinematic (geometric) parameter of the model, namely H(t), but only in the presence of the displacement vector field. Integrating (22) for Λ(t), we obtain
where Λ 0 is a constant of integration. Substituting (22) into the basic set of equations (18), (19) , we are able to rewrite the main equations of our model as follows
where we have introduced the effective cosmological term as
and the effective energy density and pressure as
It can be verified that the effective energy density and pressure (26) also satisfy the continuity equation in its usual form due to (23) , (24) and the continuity equation for matter (21) :
It is noteworthy that in our approach both matter and effective fluid satisfy the continuity equation in the usual form. Therefore, we can introduce the equation of state (EoS) of matter w m = p m /ρ m and also a barotropic index of effective fluid w ef f = p ef f /ρ ef f as
. (28) As
feature of this model is the ability of w ef f to cross the so-called phantom divide line w ef f = −1. As supposed, this crossing is to be highly probable according to the contemporary observational data [2] [3] [4] [5] [6] [7] .
Scalar-Field Model
In this section, we consider a quintessence (or phantom) field as a source of gravity in the Universe. One can rewrite equations (23) and (24) in terms of the effective energy density ρ ef f and pressure p ef f , taking into account the following expressions for the scalar field ϕ:
where ǫ = +1 represents quintessence while ǫ = −1 refers to phantom field. As a result, we have
so far as
and
in accordance with (26) and (29) . At last, in view of (25) and (29) , the set of basic equations (30), (31) becomes
that is, takes the form suitable for further study. Here, we have to add the explicit expression for the field potential obtained from equation (32) in the following form:
The Superpotential Method
One can make sure that it is hard to find exact solutions for this model. Nevertheless, a wide class of exact solutions can be obtained in terms of the so-called superpotential. It is worth to note that this method was firstly developed for a single scalar field in [27] . Later this method has been re-opened again as the so-called first order formalism in [28] . As for applying this method to our model, first of all we have to redefine the geometrical field of displacement vector with the help of a new field α(t) as
where the overdot as usually stands for the derivative with respect to time. As a result, we have the following equation instead of (33)
Let us suppose that the superpotential function W (ϕ, α) can be presented by the equation
in which the Hubble parameter H(t), as a function of time, is presumably expressed in terms of fields ϕ(t), α(t). Substituting (36) into (37), one can obtain two first-order equations as follows:
where and further W ϕ ≡ ∂W/∂ϕ and W α ≡ ∂W/∂α. Taking into account (37) and (38), one can rewrite equation (25) for the effective cosmological term as follows
The potential can be obtained from (34) and (38) in the following form:
As the potential depends on ϕ alone, we should demand that ∂V /∂α = 0. Taking into account (38) and (40), one can readily verify that this is equivalent to
This equation can be satisfied in many ways depending on the structure of function W (ϕ, α). In the framework of our short paper, we consider two simplest examples of this function. For this end, let us introduce two differentiable functions, X(ϕ) and Y (α), of the separated variables ϕ and α. With the help of these functions, we can represent the superpotential in a simple manner, as shown below. Two different versions of the superpotential with separated variables are used as the simplest examples to elucidate the solution procedure.
The First Ansatz
Let us suppose that
Consequently, we have W ϕ = X ′ (ϕ) and W α = Y ′ (α). In this case, the set of equations (40) becomes as followṡ
that means the separation of variables. In addition, we should consider a restriction on these equations, arising from the equation (41). Substituting (42) into (41), we obtain
If we still consider that the fields ϕ, α do not interact via the potential, that is this restriction is valid and H = W = 0, then we arrive at Y ′ (α) = 0. Therefore, we have to conclude that this case is a trivial one. Indeed, we have β 2 =α 2 = Y ′ (α) = 0 according to (43). It means that we have this is the case of vanishing displacement vector. Due to (39), the effective cosmological term becomes constant: Λ ef f (t) = Λ 0 . As a result, we get a typical ΛCDM model. Such a trivial result encourages us to consider another ansatz.
The Second Ansatz
Now we suppose that the superpotential is presented by
that allows to rewrite the set of equations (38) aṡ
and the restriction equation (38) -as
We should decline the trivial case, Y (α)Y ′ (α) = 0, mentioned above and conclude that
Staying in the field of the real functions, we have to study the case of ǫ = +1. Integrating equation (47), we obtain
where λ > 0 and ϕ 0 are constants. In view of this function and (45), one can write down thaṫ
Making use of (49) and (50) in (36), we yielḋ
which is not an independent equation. It can be derived from (44). Indeed, inserting (49) into (50), we have
By differentiation of the latter with respect to time and taking into account (48), (49), we arrive at (51). It should be noted that function Y (α) is arbitrary one so far. To proceed further in solving the problem, we need to specify this function in some explicit form. By doing so, one may follow some special restrictions on Y (α). For example, this could be the requirement of solvability of the set of equations (49), (50). It is easy to note that combining these equations we arrive at the following one with the separated variableṡ (49) and (50) , we can obtain the following equations
where ϕ 0 is a constant, anḋ
Note that one can solve the last equation explicitly for any integer power (1 + 6C −2 ) > 1 in the right-handside of this equation. For simplicity, we consider only the case C 2 = 6. Integrating equation (55), we can find that
where t 0 is a constant. Substituting (56) into (52)-(55), we have
By using these results in equation (40), one can readily write down an explicit expression for the potential in the following form
where the value of additive constant is taken to be zero. Thus we have completed the reconstruction of the scalar field.
Discussion and Conclusion
Let us briefly discuss the physical properties of the model. Equations (57)-(60) represents a FRW universe in Lyra geometry which may be physically significant for the discussion of some stages of evolution of the universe. The different physical and kinematical parameters, which could be important to the physics of the model, are given below.
Integrating equation (57), we can find that the scale factor is given by
From equation (39), one can calculate the effective cosmological term as
Then we can obtain such an important physical parameter of the model as EoS. With the help of (29), (58) and (60), we can derive that
where Λ 0 considered being zero for the sake of simplicity. After that, the effective EoS can be found from equation (28) . Interesting to note that according (63), the EoS parameter of the scalar field achieves the quasi-vacuum EoS at instant t = t 0 but never crosses it.
One of the most important kinematical parameter of any cosmological model is the so-called deceleration parameter q. Using equation (57) and the definition of q, we readily obtain
From this equation, one can conclude that the model never expands with acceleration. Such a result is not in contradiction with (63) because the evolution is determined by the effective EoS, rather than the EoS of matter. The method of superpotential considered above of course not the only approach to generate exact solutions in such a model. A wide class of solution for our model could be obtained from the phenomenological laws for the evolution of cosmological term. At this, we are able to consider many different laws for a time-varying cosmological term, represented in the literature [15] , [16] . Indeed, substituting the effective cosmological term of the form Λ ef f (t) = L(t, a, H), where L(t, a, H) is a differentiable function, into (25) , we obtain after differentiation with respect to time [29] :
This equation can be considered as the main one for searching a(t) ⇒ β(t) or β(t) ⇒ a(t). After that, the rest parameters of the model can be obtained from (32)-(34). Thus, we have studied and briefly discussed the scalarfield model with the effective cosmological term in Lyra geometry. In addition to the general results obtained in this article, we have considered one example of solving our model explicitly. It is worth to emphasize that this model is the analytically accurate and, therefore, suitable for the deeper study of the main features of cosmic evolution. We express the hope for further development of our model in terms with the help of some other methods.
